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Teaser

“D-modules, Statistics, and Tropical Geometry
don’t have anything in common.”

“D-modules, Statistics, and Tropical Geometry
don’t have anything in common.”

Yes, they do!



What is this talk about?

[SvdV21] Robin van der Veer1 and A.-L. S.: Maximum Likelihood Estimation from
a Tropical and a Bernstein–Sato Perspective. arXiv:2101.03570, 2021.

Connecting three fields of research
I Bernstein–Sato Theory

I Likelihood Geometry

I Tropical Geometry

Providing new tools for. . .
I Algebraic Statistics

I High Energy Physics: scattering amplitudes [ST20]

1KU Leuven, Belgium

https://arxiv.org/abs/2101.03570
https://arxiv.org/abs/2101.03570


Maximum Likelihood Estimation

Discrete statistical experiment: Flip a biased coin. If it shows head, flip again.
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Figure: Staged tree modeling the discrete statistical experiment [DMS21]

I (s0, s1, s2) count of outcome  2s0 + 2s1 + s2 coin tosses
I Maximum Likelihood Estimate (MLE):

Ψ(s0, s1, s2) =

(
(2s0 + s1)2

(2s0 + 2s1 + s2)2 ,
(2s0 + s1) (s1 + s2)

(2s0 + 2s1 + s2)2 ,
s1 + s2

2s0 + 2s1 + s2

)

I Parametrization of the model: ∆1 → ∆2, (x0, x1) 7→ (x2
0 , x0x1, x1), where

x0, x1 > 0, x0 + x1 = 1
I Implicitization: M := V (p0p2 − (p0 + p1)p1) ⊆ P2
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Bernstein–Sato ideals

D = C[x1, . . . , xn]〈∂1, . . . , ∂n〉 the Weyl algebra, [∂i , xi ] = ∂ixi − xi∂i = 1
F = (f1, . . . , fp) ∈ C[x1, . . . , xn]p a tuple of polynomials

Definition

The Bernstein–Sato ideal of F is the ideal BF in C[s1, . . . , sp] of polynomials b
for which there exists P ∈ D[s1, . . . , sp] such that

P •
(
f s1+1
1 · · · f sp+1

p

)
= b · f s1

1 · · · f
sp
p .

Example: F = (x2, x(1− x), 1− x)

Observed in [SS19, Example 3.1]:2

BF = 〈
3∏

k=1

(2s0 + s1 + k) ·
2∏
`=1

(s1 + s2 + `)〉 / C[s0, s1, s2].

2computed with the library dmod lib in Singular
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How to compute the MLE in practice?

In holonomic case: Holonomic Gradient Method [NNN+11]
I numerical evaluation of holonomic functions
I keeping track of gradient by Pfaffian system
I Holonomic Gradient Descent: minimization method based on HGM
I applied to Fisher distribution of rotation data in [SST+13]
I generalized to compact Lie groups other than SO(n) in [ALSS20]

I applied to distribution of largest eigenvalue of Wishart matrix in [HNTT13]
I further study of Muirhead’s D-ideal in [GLS21]

Figure: A dataset from a study in vectorcardiography [DLM74]
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Likelihood Geometry [HS14]

P2 homogeneous coordinates (p0 : p1 : p2)

Identification of the following two:

1 real points in P2 with sign(p0) = sign(p1) = sign(p2)

2 ∆2 =
{

(p0, p1, p2) ∈ R3 | p0, p1, p2 > 0 and p0 + p1 + p2 = 1
}

The likelihood function `

I given (s0, s1, s2) ∈ N3
>0, `s0,s1,s2 (p0, p1, p2) :=

p
s0
0 p

s1
1 p

s2
2

(p0+p1+p2)s0+s1+s2
.

I ` regular function on P2 \ H with H :=
{
p ∈ P2 | p0p1p2(p0 + p1 + p2) = 0

}
I critical points of `: zeros of dlog `, the logarithmic differential of `
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A dictionary

Statistics Algebraic Geometry
statistical model smooth curve M in P2

parameters of the model point in M∩∆2

MLE problem maximizing ` over M∩∆2

Two important entities

I Likelihood locus the set of critical points of `u0,u1,u2 over M∩∆2

I ML degree cardinality of the likelihood locus for a general data vector
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Critical slopes

X smooth variety
F a tuple of nowhere-vanishing regular functions (f1, . . . , fp) on X

X ↪→ Y a smooth compactification with boundary E = Y \ X
f α f α1

1 · · · f
αp
p

E1, . . . ,Eq the irreducible components of E

Some definitions

HEi the hyperplane {ordEi (f1)s1 + · · ·+ ordEi (fp)sp = 0)} ⊆ Pp−1

CF the critical locus of F : {(x , α) | dlog f α(x) = 0} ⊆ X × Pp−1, with
dlog f α =

∑p
i=1 αi

dfi
fi
∈ Γ(X ,Ω1

X ) the logarithmic differential of f α

SF the critical slopes of F : π2(CF
Y×Pp−1

∩ π−1
1 (E )) ⊆ Pp−1,

π1, π2 the projections from Y × Pp−1
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Refined asymptotic behavior or critical points

X a smooth variety
F a tuple (f1, . . . , fp) of nowhere vanishing regular functions on X
Y a compactification of X
π1 the projection from Y × Pp−1 to the first factor
∆ the formal disc SpecCJtK around 0
∆◦ the punctured formal disc SpecC((t))

Definition (QF ,α)

Let α ∈ Pp−1. An integer vector v ∈ Zp is in QF ,α if v = (ordt(γ
∗(π∗1F ))) for

some γ : ∆→ Y × Pp−1 such that γ(∆◦) ∈ CF and γ(0) ∈ Y \ X × {α}.

Then: SF = {α ∈ Pp−1 | QF ,α 6= ∅}.
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Very affine varieties

Definition

A very affine variety is a closed subvariety X ↪→ (C∗)p of the algebraic p-torus.

Examples

I P2 \ H ↪→ (C∗)3, (p0 : p1 : p2) 7→
(

p0

p0+p1+p2
, p1

p0+p1+p2
, p2

p0+p1+p2

)
I M\H
I complements of essential hyperplane arrangements

Theorem ([FK00], [Huh14])

For X smooth, very affine of dimension d: dML(X ) = (−1)dχ(X ).
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Tropical varieties

X ⊆ (C∗)p very affine variety defined by I / C[t±1
1 , . . . , t±1

p ]

Fundamental Theorem of Tropical Geometry [MS15, Thm. 3.2.3]

The tropical variety of X is trop(X ) := {w ∈ Rp | inw (I ) 6= 〈1〉}.

Definition
A ray τ is rigid if any small perturbation of the ray changes the initial ideal of I
w.r.t. the primitive generator vτ ∈ Zp of τ .
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Tropical compactifications

X ↪→ (C∗)p a very affine variety
Σ ⊆ Rp a fan
TΣ toric variety of Σ

Definition ([Hac07])

X is schön iff there exists a fan structure Σ on Trop(X ) s.t. the closure XΣ of X
in TΣ is proper, smooth and XΣ \ X is a simple normal crossing divisor.

Theorem ([LQ11])

If X is schön, any fan supported on Trop(X ) can be refined to Σ s.t. XΣ is a
smooth SNC compactification of X .

Such XΣ is a tropical compactification of X .
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Codimension-one components of SF

X a schön very affine variety
Σ a fan supported on Trop(X )
XΣ tropical compactification of X
Oτ torus orbit in the toric variety TΣ

Ei irreducible boundary component
E◦i Ei \ ∪j 6=i (Ej ∩ Ei )

[SvdV21, Theorem 2.7]

Assume χ(E◦i ) 6= 0 for all i . For every Ei , the hyperplane HEi is contained in SF .
Those are the only codimension-one components of SF .

[SvdV21, Propoisiton 2.12]

Assume XΣ ∩Oτ is connected for all τ ∈ Σ. Then the rigid rays in Trop(X ) are in
bijection with the codimension-one components of SF .
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Bernstein–Sato ideals

Y a smooth algebraic variety
G a tuple of regular functions (g1, . . . , gp) on Y

Definition

The Bernstein–Sato ideal of G is the ideal BG in C[s1, . . . , sp] of polynomials b
for which there exists a global algebraic linear partial differential operator
P ∈ Γ(X ,DY [s1, . . . , sp]) such that

P •
(
g s1+1

1 · · · g sp+1
p

)
= b · g s1

1 · · · g
sp
p .

I V (BG ) ⊆ Cp the Bernstein–Sato variety of G

I codimension-one components of V (BG ) are affine hyperplanes

15 / 24



Bernstein–Sato slopes BSG

Y smooth closed subvariety of Cp

G the tuple of coordinate functions on Cp restricted to Y
BSG the affine hyperplanes of V (BG ) translated to the origin
X the very affine variety Y ∩ (C∗)p
F the tuple of coordinate functions restricted to X

[Mai16, Résultat 6]

Let WG =
{(∑p

i=1 αi
dgi
gi

(x), α
)
| x ∈ X , α ∈ Cp

}
⊆ T ∗X × Cp. Then

BSG = π2

(
WG

T∗Y×Cp

∩ V (π∗1 (π∗(g1 · · · gp)))
)
,

with π1, π2 the projections from T ∗Y × Cp to the first and second component,
π : T ∗Y → Y the natural map.
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Linking QF ,α, BSG , and Trop(X )

Y smooth closed subvariety of Cp

G the tuple of coordinate functions restricted to Y
X the very affine variety Y ∩ (C∗)p
F the tuple of coordinate functions restricted to X

[SvdV21, Theorem 3.3]

Let α ∈ Pp−1 and Lα ⊆ Cp the line through the origin corresponding to α. If
QF ,α ∩ Zp

≥0 6= ∅, then Lα ⊆ BSG .

[SvdV21, Theorem 3.4]

Assume X is schön and XΣ ∩ Oτ is connected for all τ ∈ Σ. Then the irreducible
components of SF ∩ P(BSG ) are exactly the hyperplanes P(τ⊥) for τ ⊂ Rp

≥0 rigid.
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Illustration at the flipping the coin example

X the very affine variety V (p0p2 − (p0 + p1)p1) \ H ⊆ (C∗)3

F the tuple of coordinate functions restricted to X
X the closure of X in P3

Curve

γ : t 7→
(

2t2

(2t + 1)2
,

2t

(2t + 1)2
,

1

(2t + 1)2
, (t : 0 : 1)

)
∈ X × P2

I limt→0 γ(t) ∈ X \ X × {(0 : 0 : 1)}
I v = (2, 1, 0) ∈ QF ,(0:0:1)  QF ,(0:0:1) ∩ Z3

≥0 6= ∅
I indeed: R · (0, 0, 1) contained in Bernstein–Sato slopes
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Maximum likelihood degree one

X schön very affine variety with dML(X ) = 1
Ψ the maximum likelihood estimator
Σ a fan supported on Trop(X )
vτ primitive generator of the ray τ
Oτ torus orbit in TΣ arising from τ

[SvdV21, Proposition 2.14]

Assume XΣ ∩ Oτ is connected for all τ ∈ Σ. For τ rigid, let gτ = 0 be a defining
equation of τ⊥. Then there exist c1, . . . , cp ∈ C such that

ti ◦Ψ = ci ·
∏
τ rigid

g (vτ )i
τ .

Moreover: ∑
τ rigid

vτ = 0.

19 / 24



Revisiting the coin example

Implicit representation of the statistical model: smooth curve M in P2 defined by

f = det

(
p0 p1

p0 + p1 p2

)
= p0p2 − (p0 + p1)p1.

I X the very affine variety M\ {p0p1p2(p0 + p1 + p2) = 0}
I rays in the tropical variety of X are the rows of3 2 1 0

0 1 1
−2 −2 −1

 =:

w1

w2

w3


I codimension-one part of SF : V (2s0 + s1) ∪ V (s1 + s2) ∪ V (2s0 + 2s1 + s2)

I Bernstein–Sato ideal of the tuple (x2, x(1− x), 1− x) on C:

〈
3∏

k=1

(2s0 + s1 + k) ·
2∏
`=1

(s1 + s2 + `)〉 / C[s0, s1, s2]

3computed with Gfan
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Thank you very much for your attention!
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