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0 Discrete statistical models

Definition :

A discrete statistical model with mt 1- states is a parameterized
subset of the probability m

- simplex
m/

m

= { Cpa . . _

. pm ) pic coil ) ,
Ep; =L} .
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① Toric varieties and statistical models

Definition :

An algebraic variety ✗ is toric if it contains a dense algebraic torus

whose action on itself extends to ×
.

Fact :

Normal toric varieties of dimension n are encoded by complete fans in IR
"

.
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Example: Complex projective plane
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" Cox coordinates"✓= 9,182153
Three affine charts: {✗ito }
→ one for each maximal cone
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Example: A coin model
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, homogeneous coordinates Go:xr) , Go :S
,) , Cto :& )

"

Xg for 2 the inner normal fan of the cube [0,133

✗
so

= (0,113

Model: image of the map
×
>◦

>Am , Cxoixr
. So .sn .

font) I > ( Pe ( taxi . Sasi , to , -4 ))1=0
,
. . . ,m

"

where ✗
◦ Safsamt

m

Pe
:= I

✗
◦
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•

Dehomogenized ( ✗ =×◦
, ✗1=1 - × ,

5- so
, q=1- s ,

E- to
, te = 1-t) :

= ( me ) x.se.ci -s)m-e + (7) a-✗ It? ce -timePe .

For uniform prior on coin)ˢ ,
u= Cao ,

. . . .am)
,
the marginal likelihood integral is

f unit likelihood function

✗
po
"

- "

pm"ⁿR× . prior distribution 3
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2 ×
>◦

as probability space

DX canonical form on ×
,
restriction to (E)

"
CX: ¥11 . . . 1¥;

"

↳R×= E. det ( VI. ) -

⇔
¥! IX. ×

>◦) is a
"

positive geometry!I CECH ,

II / =n
ltrkani-Hamed /Bai/Lam)

f-
rational function on ✗

, homogeneous in Cox coordinatesg
↳ fig E QQ , . . . , ✗k

] = + Sg
JEUX)

Consider the integral I := 5¥ Rx .

Then ¥ 'S-gfR× = 1 .

×
>◦

✗
soThen :

◦ ¥ - ¥ =: day is a probability density on ×>◦ w.r.t.ly .
◦

Mag
:= day - Rx turns (×>◦ , Mag )

into a probability space !
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Proposition :

The pullback of dye ^ .
- ndyn under the moment map ×>◦

> P° is

a positive rational function times the canonical form R× ,
i. e.

,

Whit = rlxn
,
.
. -

s ✗e) 'Rx .

Bayesian Integrals on Toric Varieties :
o integrals of the form S £ Ix M

. Borinsky : Tropical sampling for ✗ =P
"

×
>◦ 9

◦ sampling algorithm ,
detour via tropical geometry

◦ computation of Bayes
' factors for model selection

o Julia code provided as Jupiter notebook at

https://mathrepo.mis.mpg.de/BagesianIntegraes
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3 Tropical Sampling
The tropical approximation of fE Elin , . . . ,xk] is

ft : 112>60 → 112k
,

✗ max ×

ltsoppcf)
?

It- ÷ f ¥
tr

:=d¥g . Rx
×
>◦

8*-2×1 df.gl
"

÷ -1 f-
*

Itrgtr 1 Mfg

F
. a simplicial refinement of the normal fan of NLFg) = Nor )tN(g)

K linearity space of F

Exp : 112% → ×
>◦ ,

Ayn ,
. .

. .ge)]
'→ IT Celt ) .

Sector integrals :
For OEF ref and neg vertices of corresponding faces ofWcf)

and Wcg ),

fᵗʳ(×)
= ✗

- EY
-

4- )
✗
€112k set

.
*(x) EEXPCR) .GFW

ftrTt
→

Expco) g-ti.SK converges and Itr = &
a-Feng

Iat:
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dtr ) :sampling from (×>Oi f.g
Input: Fbi , reg

-

up , II and Itr
1. Draw an n - dim

.
or from Fcn) with probability IÉr .

2. Draw a sample q from Coil]
"

using the uniform
distribution -

3. Compute ✗Tq) c- Expca) .
Output: ✗

•

(g) EX>◦ ,
a tropical sample from ×

>◦

Then for h =
A gtr
g

'

ftr
:

Itr N

I ≈ tpy = IN @ h( ✗
a;)

i. i. d. tropical samples from
×
>◦

in

tr

sampling from CX
>◦ idf

,g
) : rejection sampling from day ≥ c- d.gg .
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