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Example :

G a Feynman diagram
f.= G = Ut -5 the sum of the first and second Symanzik polynomial of G

a=b=O
,
s=
-% d dimension of Minkowski spacetime

urfeynman integral of
G

Then : Iab is the Lee -Pomeransky representation of Ig .
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Example : Bubble loop with equal masses

<
K G Feynman diagram

p→ p→ Pm .
.
- ipn particles

Here : n=1
, 9--1 .

> • • > Iq ,
. .

. ,kg Loop momenta

genus of G
> d dimension of Minkowski spacetime
ktp

For each internal edge e: qeckn-r.ikg.ph - - -

ipn )

Via Feynman rules ,
one associates the Feynman integral

normalization ^
d

Ia
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Further representations of Feynman integrals
To each internal edge of G , associate de .

"

Schwinger parameter
"

Let U
,
FEEL & ,

. . .

.
✗
µ
] be the first and second Symanzik polynomial of G ,

and G : = Utf their sum
.

In our example.!
• U = xntxz

• F= ( ✗ntxz) (mean + mʰxz - pkz ) + snip
2
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= ( 4:17;)-f / He ⇒ UH e

representation :
the≥0
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Theorem :

/
"" """ "

"" "" " """"
" """" """" "

• / ✗ (( (E)
" I Vlfi .

- fell . dim
,

, ( ×,wryw:=ᵈ%(fÑ
= :X

• dime ( span, { Ir] § fstajetb ¥ }
"

a.BE 21%21
"

)
Hnlxiw)

•

dime, ,
⇔

= N ! . uol.CA u {o} )

(
EG)<&> - Hackl

⇐ (Gruen)
'
GKZ system (encoded by integer matrix A

+ parameter vector k= trees ))
• dim

aibezexzn
#sie) ' Iab }%)

{ E
=: Vsire

This number is the number of master integrals .
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^ Algebras of differential& shift operators
Definition : Dai : = EAF ,

.
.
. ,xn±ik& .

.
. ,dn>

The Weyl algebra Dn := Elin . . - in] Cdn , . . . ,dn> is the free E-algebra

generated by ×, , .
. - in , da , . . ,dn , modulo the following relations : all generators/ are assumed to commute

, except d. ×, ☐ is noncommutative ,
⇒

[diixi] = dixi -xidi = 1 .
( Leibniz

'

rule

The Weyl algebra gathers linear differential operators with polynomial coefficients :

D= { Eakdk / a
,<
C- Elin . . .in]} .

Left D- ideals encode
"

KEIN" systems of linear PDEs .

[finite)

Definition: The shift algebra Sn is the free E- algebra generated by our - • ten ,

IA 1=1

on i.
. .

. on modulo the following relations: all generators commute , except
±n

of Wi = ( vi±1) Oi
±? carob = (reta)bra

,
a c- 21 ? BEIN

"
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2 Mellin transform & Bernstein- Sato ideals

Definition :

The Mellin transform of a function f: 11250 → € is

Iff has rapid decay
M{f} fun , . . . .vn ) = f f- (x) ×

""

dx
.

at 0,0 : Mff} cow.

Rio
It obeys :

ith standard unit vector

m { ✗if} to)=M{f}Cute ;) and M{xidi•f}¥P- vi.Mff} ( re) .

Algebraically ,
the Mellin transform is an isomorphism of E-algebras :

ICKE
, . .

.

.
xn±^] <& ,

.
. . ,dn> Ésn

, xidi → - vi. ✗É " '→ af?
£ acts on fats .

f Eacts on Mellin transform : q±^•M{f} (re) =M{ f)Crete;)

observation : MF } turns Ann (f) into Ann (Mff } ) !
Dai Sn

r = IRI ,
f. s fixed :

Iao Cre) = M{fˢ} (re ) 6



Definition :
- a-Bernstein

-Sato ideal Cae /Ne)

Let f- = Cfn , . . .ie) c- Efx, .
.
.

, ✗ n]? The Bernstein-Sato ideal of F is the

Elsa , .iq] - ideal BF generated by all pE Elsa , . .
. .se/s.t.7P-cDnCsn..iSe] for which

Satan setae

p• ( f.
"+1

. .
- fesett ) = p.fi' . . . fe& .

G)

For 1=1: unique monic generator bf of Bf ,
the Bernstein - Sato polynomial off .

CF = f)

Nota bene :

• MEP} • mÉÉÑ} = baes ) . ÑÉi lowering ins : stn→

• m{ fs
"} = m{ f. fˢ } = Mff } • M{fˢ} increasing ins : s → Stl

in-

Tsu
Ino Iao

b In particular , it is
sufficient to consider•

•

t-ao-T-a.BE desire) - Iab = € (sine) - Sn ls] ••I⇒
0,0

' shifts in re!
(ai b)tzlxzn
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3 Twisted derham cohomology
Let fn , .

. .

. fee Ekin , . . . ,✗n] ,

× := ( 6*5144 . . . -6) = { ✗ c-⇐*)
" / f. ( x) . . - fe(× ) -1-0} .

w
:= deogltsx

" / = & g. -4¥ + £ui ERICH
j=n in

1×1 = { { hi
, .

. . .ie
^ " ^ / hi

. .
. .

c- 0×1×1} regular K - forms on ×
ix. . - < ik =E[¥ ,

fᵗ^] regular functions on ✗

Twisted deRham complex of ✗ :
Cnn )

(r:X , Dw ) : ◦ → 1×9×1 Ria)→ . _ .
# RIG ) →o

:=d+w^

HKCX ,w) := 1+41%1×1 , %) =
Ker (%

""" ) kᵗʰ twisted cohomo-
im (%") logy vector space of ✗

Theorem :

For generic (sire)Eᵗ? H*(X,w) -0 for * tn
, dim#

" (Kw)) = / ✗ (X) / .
8



p homology of
✗ with coefficients in the dual local

Theorem :

v system of flat sections of the
= d-we

< -

,

- > : Hncxiw) × Hncx
,
w) → E

,
< 107

,
[r] > ⇒ ffˢ×ⁿ∅

r
is a perfect pairing .

Hence : Hh IX. w)
±

> Home ( Hn /X ,
W)

,
E) is an isomorphism .

[ faxb ¥ ] → (Ia, :p § fˢᵗa×•ᵗb¥ ) (** )

Moreover : § Cab -

Iab = 0 ⇔ { cab f-
" xb ¥ c- im (Dw ) .

IBP relations via (n- 1) - forms : in purely cohomo logical terms !

For all ∅ ER (X )
,
we get a relation of Iab 's by writing

% ( ∅ ) = E ca ,b(∅) . f :b ¥ .

a.b g



Relating IBP and Mellin

Proposition ( f-1) :

Lét Pe Anna ,,
(f) = {Pedals] Poofs -0] be of degree at most 1

in the di , i.e. ,
h

P = { pikas) di t qlxis ) c- Dnls]
E- 1

for some pn , .
.

-

ipniq C- ① [ ✗11 . _
-

i ✗his] .

h
s-1

Then M{P]•• M{fˢ} -0 and (** ) with ¢ = - Ssi pi f di • f
in

lead to the same linear relation of integrals Iab .
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4 Numerical approach le=1) :
f c- ① [✗ni . . . ✗ n] , WE EY SEE

✗ = ( dit)
"

\ ✓ (f) = { ✗ E @
* )
"

flx) to}
, ×

: =

✗(x)

w = deog ( fˢx→= s . ¥ + & Vi -4¥in

Assume a basis §] , . .
_

,
[%] of Hn (Kw) is given .

Let ( a
")

,

b
")

, .
. . ,(a'
*"

,
b'✗

+"

) c- IN ✗ 21
"

→ coyotes fact
"
✗

b 't"
c- HYX.co)

Proposition :

Define ME E✗×✗
"

whose Cijjth entry is Mig := ( ( fᵈ%%
)
- ] , [ Mi ] > c- £

.

Then : every Ccn
, . . . ,c✗+ , ) E Ker (M) gives a linear relation

121-1

[ cit-aH.bg ) =O
. Iag, .gg ,(f)

=ffstaljkwt.BG?-dxj--1✗
11F



◦,
as A - hypergeometric function ( for simplicity presented

here for G-1)5 I

Read as function of the coefficients q, .
. . ,cµ of fEQfxÉ , . . . ,✗!

"]
, Io

,◦

(c)=ff{7¥
Rio

is the solution of a Gkz system .

N=# monomials in
f

"

A- hypergeometric system
K = 1- re ,

sie en
+1

N Q new
1

c- z.ch/-11xNFor f- = { g. ✗
%

, vjEZ
"

, Cj C-
6

,
denote by A := 1

. _
.

j=1
Let ≤ Elda , _ . _ On]
• Ia be the toric ideal of A . Ia := <

- d
"

/ u.ve/Nh.u-v-cker (A) >

• Ja
, ,<

be the DN - ideal generated by the entries of A. -K .

L Ican . , .cn]Oni . _ ON> 0=69 ,
. . . .Oµ ) with = cidi

• HACK) : = IA + Jana ≤ DN GKZ system
the ith Euler operator

Then : Gelfand - Kapranov -Zelevinsky

Io
,◦

(c) E Soe (Halk)) , i. e. ,

P • Iao = 0 for all PE Hack ) .
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