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1. D-MODULES

Definition. Dn:=Glx.xn] <dn. ..., dn>

The In-th) Weyl algebra is the non-commutative pralgebra obtained

I as the free G-algebra generatedby x2, ...,xnid...... dn modulo the following
relations:all generators are assumed to commute, exceptdi andXia

[0:, xi] =dix; -xidi =1 i=1, . .
. .
(Leibniz' rule)

not 8i= 1(=dix:) 20",x] =k.dk-1
An algebraic version of linear PDES. 20,xi4) =k.xi - 1

PeD Dof =0 PDE

leftideal ICD system of PDEs

leftD-module M generalization of systems of PDES
Sor:function spaces) 1



Theorems (Stafford): -> constructive

I · For every Dn-ideal I, there exist4, GED: I =<P, QL. proofs in
-

· For every holonomic D-module,
there exists ICD s.t. M = D/I. Leykin, 2018

For P= Ecabyad, letmi=max [bit-the Icabt0 3.
a.beIN

The initial form of p is

in,a(P):=[ -by M)/3,...,3]
w
=C0, ...,0,1. . . ., 1) EIR2 Eb1bi =m3

Definitions
=>

gr,(Du)
LetI be a left Dn-ideal.
· The characteristic ideal of I is the 9/X....,n][En.... EnJ-ideal

in,0.1)
(I):= <in,o,1(P)/PeI > < 4(x, xn73..., 3n]

8. Iis holonomic if dim (inca1)(I))=n.I
· The holonomic rank of I is rank (I):= dimaxes onl (RE)

aN.B.:I hokonomic rank (I) <8.
"Nota bene?"



Definition.
The singular locus of a D is the variety cutoutby

⑧ saturation
(inco,). 31. .... En? (ne(xx...., xn]. elimination

Geometrically:Sing (I) =i, ) Char (I) Y9x90])
Two different kinds of singularities:regular singularities, irregular singularities.
n
=1:Fuchs' criterian (Newton polygon) to read if regular or irregular sing..

2. SOLUTIONS OFD-MODULES

Definition:
The solution space of a Divideal

I is the space of holomorphic solutions to I.I Sol (I) ==[fE 0(u)/ pof =0 for all DeI].
- open
holom. fats on UCC"

Fact: Solus. Howpan (Day Ga
... on the way to

the Riemann-Hilbert

correspondence, a positive answer
to Hilbert's21stproblem 3



Theorem (Cauchy-Kowalevskii-Kashiwara):
LetI be a holonomic D-ideal andUI C"Sing (I) simply connected domain.
Then the space ofholomorphic solutions to I has dimension rank(I).

↳ If Iis regular singular, a basis of solutions can be
computed via an algorithm of Saito-Sturmfels-Takayama

IDefinition. based on Grobner basis methods

I Afunction 1is holonomic ifits annihilating
D-ideal

Ann,(f): =EPED/ Pof=03
is holonomic.

Why shouldwe care aboutholonomic functions?
· omnipresentin applications Feynman integrals, some probability distributions,

many special functions, hypergeometric functions, .........
· can be encoded by finitely many data
· holonomic gradientmethod/descent RESCUE

·nice closure properties (closed under t,, t.... (
↑ D-algebraic fets.

*The class of holonomic functions is notclosed under division or
inversion

B

xxexis holonomic, butits multivalued
six is holonamic, sin is notholonomic

inv. fet. (LambertW fet] is nothoonomic 4



3.GKE SYSTEMS A =(a.)
... (a), 41:(**-> PY

d
LetAeX Be K. ti (19...." I
Definition. V(ims4)) is a foric variety

I

· It = =<e"-d/uveIN":AufAuL K2d.....dn] the toric ideal of A

I · It) the prideal generatedby the entries of A.()-
TheD-ideal HA(B):=I 1(B) is a GKEsystem) A-hypergeometric system).
/

Mq(): =P/1) eMod(D) Gelfand - Lapranov - Zelevinsky
Elements of SolCHq(B1) are called A-hypergeometric functions.
Proposition. the normalizedvolume ofthe convex

I · For generic, rank(Hq()) =voLTA),
hull ofthe origin andthe columns of A

· Sing (H1(BD is given by the principal A-determinant

Theorem:If the vector(1,..., 1) is in the G-row span of A, then He/) is

regular holonomic for all B- 4. We assume so today. 5



Some operations on D-modules

LetM
=DeModID), D=K(x, ., xn) d...dn?.

For me, consider L
=[x,=... = xm =0] anddenote D'==K(Xmtl-Xn]dmtrd

Definition.
The restriction of M to L is the D'-module

Ni=
=DY restriction ideal ofI

P( +xD+... + xmD) (I+xD+ ...+ xmD)D'

proposition.

I If f(xx..., xn) is holonomic andfr Sol(M), then fl0,...,0,xmini-riXul
is asolution of N.

An integral transform.
The Fourier - Laplace transform is the isomorphism of non-comm. K-algebras
-I 6.1: (x,xl cd,..de E GCBrBn]dd

xitt-da; dit Ei
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* T. Reichelt, M. Schulze, C. Sevenbeck, U. Walther:Algebraic aspects of
hypergeometric differential equations. Beitrge zur Algebra und Geometrie
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C. Sabbah: Introduction to the algebraic theory oflinear systems of
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